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Introduction
@00

If we denote by Q C R”, n = 2,3, some domain and by [0, T) a

fixed time interval with 0 < T < oo, then the full nonlinear

Navier-Stokes system in Q x [0, T') has the form

u; —vAu+u-Vu+ Vp
divu
ulao

u(x,0)

Here u = u(x, t) = (u1(x, t), ..., up(x,

f, x € Q,
0, x € Q,
a, x € 09,
up(x), x € Q.

t)) is the unknown velocity,

p = p(x, t) is the unknown pressure, f = f(x, t) = (fi(x, t), ...,

fn(x, t)) the given density of the exterior force, v > 0 the viscosity

coefficient, a = a(x, t) = (ai(x, t), ...,an(x, t)) the given boundary

value and ug(x) the given initial velocity with t € [0, T),

x = (X1, .., Xn) € Q.
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Introduction
@00

If we denote by Q C R”, n = 2,3, some domain and by [0, T) a
fixed time interval with 0 < T < oo, then the full nonlinear Stokes
system in Q x [0, T') has the form

u; — vAu + Vp = f, x € Q,
divu = 0, x € Q,
U’aQ = a, x € 09,

u(x,0) = up(x), xe€Q.

Here u = u(x, t) = (u1(x, t), ..., up(x, t)) is the unknown velocity,
p = p(x, t) is the unknown pressure, f = f(x, t) = (fi(x, t), ...,
fn(x, t)) the given density of the exterior force, v > 0 the viscosity
coefficient, a = a(x, t) = (ai(x, t), ...,an(x, t)) the given boundary

value and ug(x) the given initial velocity with t € [0, T),
x = (X1, ..., Xn) € Q.
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Introduction
oeo

Domain Q = QU Qg

Where
Qy = {X €ER": |X| < v(xn), xn € (0, H)},

n=23, o(xn) =7 - x,),‘, ~o = const, A > 1, 0¥ is Lipschitz and
o(h) = {x € Qu : x, = h = const}, is the cross section of Qy by

the plane x, = h, x' = (x1, ..., Xp—1).
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Introduction
oeo

Domain Q = Qp U Qg

Where
Qu={xeR": [X| <o(xn), xn € (0,H)},

n=23, o(x,) =10 - x), 70 = const, A > 1, 9Qq is Lipschitz and
o(h) = {x € Qu : x, = h = const}, is the cross section of Q4 by

the plane x, = h, X' = (x1, ..., Xp—1)-
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Introduction
ooe

Constructing the asymptotic representation of the solution to the
Stokes problems near the cusp point O we use the ideas proposed
in the paper

e S.A. Nazarov, K. Pileckas, Asymptotics of Solutions to Stokes
and Navier-Stokes equations in domains with paraboloidal outlets
to infinity, Rend. Sem. Math. Univ. Padova, 99 (1998), 1-43,
where the asymptotic behaviour of the solutions to stationary
Stokes and Navier-Stokes problems was studied in unbounded
domains with paraboloidal outlets to infinity. In turn the method
used in e is a variant of the algorithm of constructing the
asymptotics for solutions to elliptic equations in slender domains,

see, e.g.,...
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ooe

...,see, e.g. for arbitrary elliptic problems

e V.G. Maz'ya, S.A. Nazarov, B.A. Plamenevskij, Asymptotics
of the solution of the Dirichlet problem in thin domains,
singularly perturbed domains, (1982-2000);

for the stationary Stokes and Navier-Stokes equations

@ S.A. Nazarov, K. Pileckas, Asymptotic solution of the
Navier-Stokes problem in a thin channel,(1990);

for the nonstationary and time-periodic Navier—Stokes equations

@ G. Panasenko, K. Pileckas, Asymptotic analysis of the
non-steady Navier-Stokes equations in a thin pipe, tube
structure (2012-now).
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The steady Stokes problem
[ le]

We consider the steady Stokes problem:
—vAu+Vp = f, xeQ
divu = 0, xeQ, (1)

u a, x € 0.

/u-nds:Fg_'fO7 (2)
a(h)

where suppa € 0Qy N I9,
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The steady Stokes problem
[ le]

We consider the steady Stokes problem:
—vAu+Vp = f, xeq,
divu = 0, xe€Q, (1)
u = a, xe€iN
/u~nds:F;éO, (2)
o(h)

where suppa € 0Qp N0, v > 0 is the constant kinematic

viscosity. The necessary compatibility condition

F+ / a(x)-ndx =0.
90N
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Introduction

Definition 1

Let f € L?(Q) and a € W1/2’2(8QH/2,H) be given functions. By a
weak solution of problem (1) we understand a solenoidal vector
field u € WL2(Q) satisfying the boundary condition u|sq = a, the
flux condition (2) and the integral identity

I//Vu-Vndx_/f~17dx, Vne Go(Q), divp=0.
Q Q
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The steady Stokes problem
00000000000

Formal asymptotic decomposition

Let us consider the homogeneous problem (1), (2) with zero
boundary condition in the domain Q.

X,
(< x0) — (XAX> = (. m).
n

QH—>|_|

D
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The steady Stokes problem
00000000000

Formal asymptotic decomposition

Let us consider the homogeneous problem (1), (2) with zero

boundary condition in the domain Q.

X/

(X', xn) — <Xr/7\,x,,> = (', yn)-
—v(y, A+ D)W +y, M Vp=0, yel,
—v(yy PN + D), +Dp =0, yel,

y AV +Du, =0, yen,

ulpn =0,

where A’ =V -V, V' = (01,...,0n-1), ® = 0 — Ay, 1y - V',

u/ = (Ul, veey Un—l). 8;( = 8%/;(
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The steady Stokes problem
0®000000000

Formal asymptotic decomposition

We look for the solution (Ug, Po) in the form

Po(y', yn) = qo(yn) + Qo(Y', ¥n),
Uo(y’, yn, t) = (Ug(y', ¥n)s Uno(¥'s yn))

with
Uno(y's ¥n) = ¥220nq0(yn)e(y').

((Uo, Pop) is not the exact solution!)
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The steady Stokes problem
00e00000000

Formal asymptotic decomposition

Substituting (Ug, Py) into equations as y, — 0, we get
AUy +V'y3Q =0, y €w,
div'Uy = Go(y', yn), ¥ €w, (%)
E)’&,u = 0,
vA'p(y') =1, y' euw,
e(y")low =0,

where w = {y’ € R™1: |y/| < 0}.

Go(y', ¥n) = —yp®(y2 nqo(yn)e(¥'))-
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The steady Stokes problem
00e00000000

Formal asymptotic decomposition

vA'p(y') =1, y cuw,
v(¥)ow = 0,
The solution ¢(y’) has the form

1

p(y) = w(n=1) (Iy'?=3) -
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The steady Stokes problem
00e00000000

Formal asymptotic decomposition

—vA'UG+V'y2 Q =0, y €w,
div'Ug = Go(y', yn), ¥ €w, (%)
6’80} = 07

Go(y', ¥n) = —ya®(y2 nqo(yn)e(¥')),

where ® = 9, — Ay, ty'- V'

Ok s"'é»b'e/co dy' = 0.

w
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The steady Stokes problem
000e0000000

Formal asymptotic decomposition

(%) ® 22 [ Gody =0

w

= — ¥ 0n [y20nq0(¥n)] — A(n — 1)y3* L 0nqo(yn) = 0

= 0, [y? ("H)ﬁnqo(yn)} =0

= qolyn) = Cya " 4 G

Uno(y', ¥n) = y2*0nqo(yn)e(y")
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The steady Stokes problem
000e0000000

Formal asymptotic decomposition

(%) * 2% [ Gody =0

w

= —yn0n [y20nq0(yn)] — A(n — 1)y3*10nqo(yn) = 0
= an [yz\(n+1)anq0()/n)} =0
= qo(yn) = Clyr}ﬂ(nﬂ) + G

0 Unoly', yn) = Cu[1 = A(n+ Dya " V(v
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The steady Stokes problem
0000e000000

Formal asymptotic decomposition

Moreover, since

/ uo(x) - ndx' = koCi(1 — A(n+ 1)),

a(h)
taking C1 = F [ro(1 — M(n +1))] %, we satisfy the flux condition
(2); where kg = fgo )dy’ #0.

Comparing the power exponents of y, in (*) and Gy we conclude

that functions Ug(y’, ya), Qo(¥’, ¥n) have to be taken in the form

U/(y )/n)—}/n An=2)= % (Y)

QY yn) = ya D 2h(y).
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The steady Stokes problem
00000800000

Formal asymptotic decomposition

Therefore, we can rewrite:
—vA'UG+V'25=0, y €w,
dvZy =%(y"), y €w,
%olow =0,
where
(') = > FAL T )ely)

the operator A is given by

Al \V)Y=n—-1+y" -V
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The steady Stokes problem
00000080000

Formal asymptotic decomposition

Finally,
() =2 (5).
Qo (X%Xn> = xn_A("_l)_lo% (%) ,

x' F _xn-1 x'
Un,O <)\7Xn> = —Xn (n )90 <)\ .
X7 KQ X7
Functions Ug, Qg solve Stokes problem with the right-hand side
Ho (discrepancies) having the special form
—vAu+Vp = Hpy, xe€Qy,
divu = 0, xe€Qy, (4)
u = 0, x € 00y.
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The steady Stokes problem
00000008000

Formal asymptotic decomposition

The discrepancies Hy(y’, yn), Hno(y', ya) left by functions Ug, Qo
have the form

HY (Y yn) = vD2UL(Y', ya) = ya "D 270(y),

Hno(y's ¥n) = vD2Uno(y', y) = DQo(y', yn) = yu " D77

Consider equations (3) with the right-hand sides having the special

Fno(y')-

form

( —A(n—2)-3

—v(yy A + D +y, MW p =y, Zoly), yen,
oy AN 4 D), +Dp =y, U Z0(), yen,
y M VY + Du, =0, yerl,

ujon = 0.
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The steady Stokes problem
00000000800

Formal asymptotic decomposition

(

—v(y; A+ D) 4y AV p )‘(n 2)- 396(y’), y e,

(n 1)-2

_V(}/n 2N +©2)un +9p=yn «/n (y )7 y e,

y VY +Du, =0, yell,

ulypn = 0).

We will satisfy these equations in main, if we put

PL(Y' . yn) = Coyn TN 20 2y,
ULy yn) =y > 24y,

Una(y'yn) = ya - " D1(00"),

where
Una(y') = C(=1 = Xn = 1)p(y") + %1 (Y')-
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The steady Stokes problem
00000000800

Formal asymptotic decomposition

U, satisfies the equations
—I/A, *

n,

%nflbw =0,

/
1= yn,O? y euw,

(%', 21) is the solution to
VAU +NV' 21 =F, y Ew,
divzy = DAY, V') =2\ = D%, Yy €w,
%/1|3w =0,
and the constant ( is uniquely determined from the solvability
condition
/ MY, V) = 207 — 1)] Zaa(y') dy' = .

w

Vilnius Gediminas Technical University
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The steady Stokes problem
00000000800

Formal asymptotic decomposition

U, satisfies the equations

~vA'USf = Fnp, ¥ €w,
Uy1low =0,
(%', 21) is the solution to
VAU +V' 21 = F,, Y Ew,
divzy = DAY, V') =2\ = D%, Yy €w,
X1low =0,
and the constant ( is uniquely determined from the solvability

condition ,i.e.
1

“ko[L+A(n—1)] J

C2 = %nfl dy,
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The steady Stokes problem
00000000800

Formal asymptotic decomposition

The discrepancies H(y’, yn), Hn1(Y', yn) left by functions Uy, Py

can be written in the form

HLY  yn) = ya 97220 (y),

Hoi(y'syn) = v 0702000,

) Ho—H, <y#+3(x—1)y,1’y#+z(x—1)9n’1).

p 2t o — 1),
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The steady Stokes problem
00000000080

Formal asymptotic decomposition

We shall keep constructing the functions (U, Px), k = 1,2, ..., till
the discrepancies H),, H, x will belong to L?():

(Uo,Po) (U1,P1)  (Uz, Po) ... (Uys, Pye)

(H6?Hn,0) (HllaHn,l) (H/2’Hn,2) ( il*?Hn,J*)

One can see that, in particular,

. 1|n+2
> : - .
J_mln{JEN J>4L\_1+n+3]}
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The steady Stokes problem
0000000000 e

Formal asymptotic decomposition

Uy o) = 30y 2202y 1)
Uy ya) = éoynk("lmzk%,k(y’),
UG y) = i (CkJrlyn—)\(n—i-l—2k)+1—2k(1

:_(;E(yﬁ(”“—z“—””ln yo — 1))

4 y,1—>\(n—1—2k)—1—2k£2k(y,)> 7

Uni(Y') = Cesr(=A(n + 1= 2k) + 1= 2k)p(y') + U4 (y'),

here 5,6 is Kronecker's delta.

Alicija Eismontaité Vilnius Gediminas Technical University

Singular solutions of the Stokes problems in a power cusp domain



The steady Stokes problem
0000000000 e

Formal asymptotic decomposition

WU ) = 5y R )
Uy ym) = éoynk("lmzk%,k(y’),
UG y) = i (CkJrlyn—)\(n—i-l—2k)+1—2k(1

:_(;E(yﬁ(”“—z“—””ln yo — 1))

4 yn—,\(n—1—2k)—1—2k£2k(y,)> 7

Uni(Y') = Cesr(=A(n + 1= 2k) + 1= 2k)p(y') + U4 (y'),

here 5,6 is Kronecker's delta.

Alicija Eismontaité Vilnius Gediminas Technical University

Singular solutions of the Stokes problems in a power cusp domain



The steady Stokes problem
0000000000 e

Formal asymptotic decomposition

% (') 2y)

VAU V' Dy = F 4, Y Ew,
divV ) = DAY, V') = 2k(A = V)] Yok, ¥ €w,
%Haw = 07

Uni(Y') = Cesr(=A(n +1 = 2k) + 1= 2k)p(y') + 24 (y'),

—2(k-+1))A k
Fhey =y 2R 0200 (' y).
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The steady Stokes problem
0000000000 e

Formal asymptotic decomposition

Uy o) = 30y 2202y 1)
Uy ya) = éoynk("lmzk%,k(y’),
UG y) = i (Ck+1yr1—A(n+1—2k)+1—2k(1

:_(;E(yﬁ(”“—z“—””ln yo — 1))

4 y,1—>\(n—1—2k)—1—2k£2k(y,)> 7

Uni(Y') = Cesr (A0 + 1= 2k) + 1= 2k)p(y') + U4 (y'),

here 5,6 is Kronecker's delta.
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The steady Stokes problem
0000000000 e

Formal asymptotic decomposition

J
UMY yn) = 3 yp 1272072k (1)

J

U ym) = Y e
k=0

J
PUGY yn) = 3 (Cuaya 7207272
k=0

+ )k( A(n+1-2k)— 1+2k|n Vo — 1))

4 y,1—>\(n—1—2k)—1—2k£2k(y,)> 7

Uni(Y') = Cesr(=A(n + 1= 2k) + 1= 2k)p(y') + U4 (y'),

here ()f is Kronecker's delta.
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The steady Stokes problem

0000000000 e

Formal asymptotic decomposition

5k
Ul?(y,’yn) = Uk(ylvyn)’

A2k—n+1)—1—2k
Pe(y',¥n) = Crpaln yo + ya G 2:.(v"),
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The steady Stokes problem
0000000000 e

Formal asymptotic decomposition

Uy o) = 30y 2202y 1)
Uy ya) = éoynk("lmzk%,k(y’),
UG y) = i (CkJrlyn—)\(n—i-l—2k)+1—2k(1

:_(;E(yﬁ(”“—z“—””ln yo — 1))

4 y,1—>\(n—1—2k)—1—2k£2k(y,)> 7

Uni(¥') = Cey1(—A(n+1—2k) + 1 — 2k) + Uy (y),

here 5,6 is Kronecker's delta.
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The steady Stokes problem
0000000000 e

Formal asymptotic decomposition

Uy o) = 30y 2202y 1)
Uy ya) = éoynk("lmzk%,k(y’),
UG y) = i (CkJrlyn—)\(n—i-l—2k)+1—2k(1

:_(;E(yﬁ(”“—z“—””ln yo — 1))

4 y,1—>\(n—1—2k)—1—2k£2k(y,)> 7

Uni(Y') = Cesr(=AM(n + 1= 2k) + 1= 2k)p(y') + %1 (v'),

here 5,6 is Kronecker's delta.

Alicija Eismontaité Vilnius Gediminas Technical University

Singular solutions of the Stokes problems in a power cusp domain



The steady Stokes problem
0000000000 e

Formal asymptotic decomposition

Upi(y')

VA,%,::[( = ﬁn,k—l) y/ € w,
U low =0,
with

Fnk-1(y') = ySrmim2Arak) (VD2Unk-1(Y's ¥n) — 2i—1(y' s yn)) -
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The steady Stokes problem
[ leJele]

Existence of the solution

Let us consider the problem (1), (2) in the domain Q.

Let £ € C*°[0, 00) be some nonnegative function

1, xp < H/2,

§xa) = 0, x,>H.
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The steady Stokes problem
[e] Jele]

Existence of the solution

Then we can look for the solution (u, p) to problem (1), (2) in the

form NG ~

u(x’', xp) = &(xp)UM] <X)\,x,,> + V(X' xp) + U(X, xn),

n

/
p(X', xn) = &(xn) PV (wan> + P(X', xp),
Xn

where (U], P is the asymptotical decomposition.
We define V(x', x,) = 0 for x, < H/2, while for x, > H/2 the
function V is the solution of the problem

{ divV = ~¢'UY), x e Qupon, (5)

Viooy,n = a

where QH/2,H = {X € R": ‘X/’ < SO(Xn)y Xn € (H/27 H)}UQO'
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The steady Stokes problem
[e] Jele]

Existence of the solution

We define V(x', x,) = 0 for x, < H/2, while for x, > H/2 the
function V is the solution of the problem

divV = ~¢'UF, x € Qo

v|8QH/2,H =a,

(5)

where QH/2,H = {X € R": ‘X/’ < SO(Xn)y Xn € (H/2, H)}UQO‘
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The steady Stokes problem
[e] Jele]

Existence of the solution

We define V(x', x,) = 0 for x, < H/2, while for x, > H/2 the
function V is the solution of the problem
{ divv = —¢'UY x e Quon, -
Vioa, ,n = a
where Q5 1 = {x € R" : [X'| < 0(xn), xn € (H/2,H)} U Q0.
Solvability condition

e [ e

Q2,1 Opy/2.H
is satisfied, since
H H
/ ¢ UV dy' dy, = — / f’/U,[qJ*] dy' dy, = F / g'dy, = —F
Qu/om H/2 o H/2
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The steady Stokes problem
[e]e] o]

Existence of the solution

u(x'xn) = ECmUM ¢ /o3, o) + V(X x0) + DX, ),

E0m)PYI [, xn) + P xa). (6)

&
I

And (U, P) is the solution to the problem

—VvAU+ VP = f+¢Hy +vAV + v(2VE - VU]
) +ASUVy —ve - PUT xeq, -
divU =0,
Uloq =0,
satisfying zero flux condition; where J* € N is a certain number
which ensures that H- belongs to L2
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The steady Stokes problem

Existence of the solution

Theorem 1

Let f € [2(Q), ac W1/2’2(8QH/2’H) be given functions and
suppa C dQ0 NI C Iy 5 14 N OS2 Then the problem (1)
admits at least one weak solution u € W,-2(Q) N W2(Qy 2 1),

loc

which can be represented as a sum (6), where UM 1l is the
constructed asymptotic expansion, V is a solution to the problem
(5), and U is a weak solution to the problem (7). Moreover, the

following estimate

Ju— U 2y < € <||fHL2(Q) + Ha”Wl/Zz(aQH/Z’H)) (8)

holds.
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The time-periodic Stokes problem
[ Je]

We consider time-periodic Stokes problem:

[ ui(x,t) — vAu(x, t) + Vp(x, t) = f(x,t), x€Q,
divu(x,t) =0, x¢€Q,
u(x, t)]aq = a(x; t),

u(x,0) = u(x, 27),

/u~nds—F(t)§éO, (10)
o(h)
where suppa € 9Qy N 012.
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The time-periodic Stokes problem
[ Je]

We consider time-periodic Stokes problem:

[ ui(x,t) — vAu(x, t) + Vp(x, t) = f(x,t), x€Q,
divu(x,t) =0, x¢€Q,
u(x, t)]aq = a(x; t),

u(x,0) = u(x, 27),

/u~nds—F(t)§éO, (10)
a(h)
where suppa € 9Q9 N 9L, v > 0 is the constant kinematic
viscosity, and we assume that f(x,0) = f(x,27), F(0) = F(2m).

F(t) + / a(x,t) -ndx =0.
10191910197
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Definition 1

Let f € L2(0,2m; L2(Q)), a, a; € L2(0, 2m; W/22(9Qy/2 14)). By a
weak solution of problem (9) we understand a solenoidal
time-periodic vector field u € L2(0, 27; W,i’cz(ﬂ) N WE2(Qy 2 1))
with ue € L2(0, 2; L7, () N L*(Q4/2,1)) satisfying the boundary
condition u|pg = a and the integral identity

27 2T
//UT(X, 7)-n(x,7)dxdT + v / / Vu(x,7) - Vn(x,7) dxdr
0 Q 0 Q

_ 7 / (o, 7)1 a3 ) el
0 Q

for every time-periodic solenoidal i € L? (0, 27; C§°(R)).
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The time-periodic Stokes problem
0000000000000 0

Formal asymptotic decomposition

Let us consider the homogeneous problem (9), (10) with zero

boundary condition in the domain Q4.

(X', Xn, t) — (j;:\,x,,, t) = (', ¥n, t)-
(up vy PN+ D) 4y, MV p =0, yel,
Upt — V(yn_D‘A’ +D)u, +Dp=0, yecl,
y AV +Du, =0, yel,
ulopn =0,

u(y’,y,,, O) = u(y’,yn, 27T),

where A’ =V -V, V' = (01,...,0n-1), ® = 0n — Ay, 1y - V',
’r_ _ 0
u = (Ul, ceuy U,,_l), 8k = Tyk
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The time-periodic Stokes problem

0@000000000000

Formal asymptotic decomposition

We look for the solution (Ug, Po) in the form

PO(y,’}’m t) = qO(Yn)gO(t) + QO(_y,,_yn, t)7
UO(y/ayna t) = (Uf)(y/:)/m t)a Un,U(y/ayna t))

with
Uno(Ys ¥ns t) = y220nqo(yn)®(y/, t).

((Uo, Pop) is not the exact solution!)
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The time-periodic Stokes problem

00@00000000000

Formal asymptotic decomposition

Substituting (Ug, Py) into equations as y, — 0, we get

div'U) = Go(y', yn, t), ¥ €w, (%)

6’8&1 = 0,

vA'®(y' t) = go(t), ¥ €w,
(D(y/, t)’aw = 07

where w = {y’ € R™1: |y/| < 70}.

GO(y/a)’na t) = —yr?g(yyan%()/n)q’(y/, t))
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The time-periodic Stokes problem

00@00000000000

Formal asymptotic decomposition
vA'O(y' t) = go(t), Yy €w,
d)(_y/, t)’aw =0,

The solution ®(y’, t) has the form
oy, t) = go(t)e(y'),
where function ¢ is the solution to the Poisson equation
vDN'p(y')=1, y ew
So(y/)bw =0.

¢0@=2A:_UU/F—%Y
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The time-periodic Stokes problem
00000000000000

Formal asymptotic decomposition

—vA'Up+V'y3 Qo =0, y cw,
div'Uy = Go(y', yn. t), ¥y € w,

6’(%1 = 07

(%)

GO(.y/ayna t) = _yr?\Q(yr?Aaan(yn)q)(y/’ t)))

where ® = 9, — Ay, ty'- V.

Ok s"'é»b'e/co dy' = 0.

w

Alicija Eismontaité

Vilnius Gediminas Technical University

Singular solutions of the Stokes problems in a power cusp domain



The time-periodic Stokes problem
000@0000000000

Formal asymptotic decomposition

(%) ® 22 [ Gody =0

w

= — ¥ 0n [y 0nq0(¥n)] g0(t) = M(n — 1)y3*9,q0(yn)go(t) = 0

= Oy [y? ("H)ﬁnqo(yn)} =0

= qolyn) = Cya " 4 G,

Uno(ys ¥nr t) = ¥220nqo(yn) (Y, t)
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The time-periodic Stokes problem

000@0000000000

Formal asymptotic decomposition

(%) * 2% [ Gody =0

w

= — ¥ 0n [y3*0nq0(¥n)] g0(t) = M(n — 1)y3*9,q0(yn)go(t) = 0

= 0 [y? ("H)ﬁnqo(yn)} =0

= qo(yn) = Clyr}ﬂ(nﬂ) +G

C Unoly's ym 1) = [L = A+ Dlya " Dgo(6)(y)
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The time-periodic Stokes problem

0000@000000000

Formal asymptotic decomposition

Moreover, since

/ uo(x, t) - ndx" = ko(1 — A(n+1))go(t),
o(h)

taking go(t) = F(t) [ko(1 — A(n + 1))] ", we satisfy the flux
condition (10); where ko = [ ¢(y’) dy’ # 0.

Comparing the power exponents of y, in (*) and Gy we conclude
that functions Uy(y’, yn, t), Qo(y’, ¥n, t) have to be taken in the

form An—2)-1
U6(y/7Yn7 t) :J/n " %6(.)/,’ t)7

QY ym t) = ya "I 2h(y, ).
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The time-periodic Stokes problem
00000@00000000

Formal asymptotic decomposition

Therefore, we can rewrite:
—vA'UG+V'25=0, y €w,
dv %y =%(y',t), y €w,
%olow =0,
where
Dy 6) = 2 FOAY. V)oY

the operator A is given by

Al \V)Y=n—-1+y" -V
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The time-periodic Stokes problem
000000@0000000

Formal asymptotic decomposition

Finally,

ga
/ “A(n—1)—1 /
Qo (250 t) =3 "V 2 (5t
! F(t) —A(n—1) x!
U —, Xn, t | = —%x —
n,0 X,?” ns Ko n ("2 Xg\
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The time-periodic Stokes problem
0000000@000000

Formal asymptotic decomposition

The discrepancies Hy(y', yn, t), Hno(y’, yn, t) left by functions
Ug, Qg have the form

Ho(y' v t) = vD2Ug(y', v t) = Ug (Vs Y, t)
=y T Z )+ TITZ (),
Hno(y's yn, t) = vD2Uno(y's ¥ni t) = Uno,te(Y'; Yns t)
~DQo(Y', ¥ns t)
\ = v TR Z 0 ) + v Ty 1),

The right-hand sides split into two: F denotes the discrepancies
appearing due to the terms with the derivative with respect to time
t, F - the rest of the terms.
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The time-periodic Stokes problem

00000000 e00000

Formal asymptotic decomposition

= vy A+ DA 4y Vp =y N

—A(n—1)-2

Foly'.1), yen,
u”t_y(yn 2)\A/+©2)Un+®p Yn L%H,O(y/vt‘% ye rlv
y M VY +Du, =0, yell,

ulon =0, u(y’, ¥, 0) =u(y’, yn,2m).

We will satisfy these equations in main, if we put
PUY v t) = ga(tlyn T 4y T (),
ULy t) = ya > V(v 1),
Una(y s ym t) = ya - DUy 1),

where

%n,l(ylv t) = gl(t)(l + )‘(n - 1))90(}//) + %nﬂ:l(yla t)‘
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The time-periodic Stokes problem
0000000000000

Formal asymptotic decomposition

U, satisfies the equations
_VA/ r;tl — é\\n,(h _y, € W,
%nfllaw = 0?
(%', 21) is the solution to
—
VAU +V' 21 =F,, Y Ew,
divVy = DAY, V') = 2N = D)%, ¥ € w,
%/1|6w = 0,
and the function gy is uniquely determined from the solvability

condition
/ [NA(Y', V') = 2(X = 1)] %1 (y') dy’ = 0.

w
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The time-periodic Stokes problem

00000000 e00000

Formal asymptotic decomposition
U, satisfies the equations
~vA'YS = j\n,o, y' € w,
%nfllﬁw =0,
(%', 21) is the solution to
—vNUY + V' 2, = /9\:), y ew,
divVy = DAY, V') = 2N = D)%, ¥ € w,
U1low =0,

and the function gy is uniquely determined from the solvability

condition ,i.e.
1

ko[l + An—1)] J

ai(t) = ?/n"fl dy’.

Alicija Eismontaité Vilnius Gediminas Technical University

Singular solutions of the Stokes problems in a power cusp domain



The time-periodic Stokes problem
0000000000000

Formal asymptotic decomposition

The discrepancies Hy (v, ya, t), Hno1(Y', ya, t) left by functions Uq,
p 1 ;
Py can be written in the form

,

Hi oym 1) = v P Z00 1) 4y TTE LY 1)
Ty —A(n—4)— 3 (y t)

Hoa(y s ymt) = ya "I Z 00y 0) 4y D sy )
Hya T2 Z () 0).
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The time-periodic Stokes problem
000000000e0000

Formal asymptotic decomposition

(Uo, Po) (Ug, P1) (Uz, P?) e (Uys, Pye)
(H67 Hn,O) (Hﬁa Hn,l) (H,za Hn,2) ( i]*) Hn,J*)

We shall keep constructing the functions (U, Px), k = 1,2, ..., till
the discrepancies H),, H, x will belong to L%().

Up to certain T only (i:\;(, /I—:,,yk), k=0,2, ,7 will be taken as the
new right-hand sides, while others will only appear later. In
particular

7:mm{leN:IZf%—1}:

—1, when =08 N=12,

,\ I
L
A—

|_|

,  when A #£ NELN =172
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The time-periodic Stokes problem
0000000000 e000

Formal asymptotic decomposition
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The time-periodic Stokes problem

0000000000080
Formal asymptotic decomposition

. _ N+1
Case: \ = N

In this case the new right-hand sides are of the form

—A(n—1)—2+(2k+1)(N1—1
Fl(y yn, t) = yo (D 72HRAEDAL) g (1 4y =

—
SN )22k (1) Ty t),

n

k
—/ — o~
‘gzk(y/’ t)—{—ﬂk_A_l(y’, t), k

] >y
Fose(y' s ym t) = yo IO g =
) 242kae1y | TklY5 1), k<1,
' FL D+ Fy (00, k>,
k=0,1,2,..
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The time-periodic Stokes problem

000000000000 e0

Formal asymptotic decomposition

p— p+2(A-1)

J
U’[J](y’,yn, t) _ kzoy” A(n—2—2k)—2k 1%2()//’ t),

Uy ymi ) = z (n1=20"2k gy (V) 1),

J

P[J](y/7yn7t): Z ( A(n+1-2k)+1— 2k(1
o

4 yn—/\(n—1—2k)—1—2k£2k(y,, t)) 7

Uni(y' 1) = gk(t)(=A(n +1—2k) + 1= 2k)p(y') + %y (¥, 1),

here 65 is Kronecker's delta.
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The time-periodic Stokes problem

000000000000 e0

Formal asymptotic decomposition

;

p— p+2(A-1)

J
U’ (y/7}/n7 t) _ kzo y,1—>\(n—2—2k)—2k—10&2(y/’ t),

Uy ymi ) = z (n1=20"2k gy (V) 1),

J

P[J](y/7yn7t): Z ( A(n+1-2k)+1— 2k(1
o

4 yn—/\(n—1—2k)—1—2k°@k(y,7 t)) 7

Uni(y' 1) = gk(t)(=A(n +1—2k) + 1= 2k)p(y') + %y (¥, 1),

here 65 is Kronecker's delta.
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The time-periodic Stokes problem

000000000000 e0

Formal asymptotic decomposition

02/2(_)//,1-') Qk(ylat)

—VA/ ;( + V’Qk — 92_1, }// S (.U,
divV) = DAY, V') = 2k(A = V)] Yok, ¥ €w,
%Haw = 07

Unic(Y's ) = g(t)(=A(n+1 = 2k) + 1 = 2k)p(y") + %i(¥', 1)
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The time-periodic Stokes problem

000000000000 e0

Formal asymptotic decomposition

p— p+2(A-1)

J
U’[J](y’,yn, t) _ kzoy” A(n—2—2k)—2k 1%2()//’ t),

Uy ymi ) = z (n1=20"2k gy (V) 1),

J

P[J](y/7yn7t): Z ( A(n+1-2k)+1— 2k(1
o

4 yn—/\(n—1—2k)—1—2k£2k(y,, t)) 7

Uni(y' 1) = gk(t)(=A(n +1=2k) + 1= 2k)p(y') + %y (¥, ),

here 65 is Kronecker's delta.
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The time-periodic Stokes problem
000000000000 e0

Formal asymptotic decomposition

p— p+2(A-1)

J
U’[J](y’,yn, t) _ kzoy” A(n—2—2k)—2k 1%2()//’ t),

Uy ymi ) = z (n1=20"2k gy (V) 1),

J

P ym ) = 32 ( L (£)yn NoHim2k) =2k
k=0
4 )k( A(n+1-2k)— 1+2k|n yn—l))

4 yn—/\(n—1—2k)—1—2k£2k(y,, t)) 7

Uni(y' 1) = gk(t)(=A(n +1—2k) + 1= 2k)p(y') + %y (¥, 1),

here 0 is Kronecker's delta.
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The time-periodic Stokes problem

000000000000 e0

Formal asymptotic decomposition

5k
UI;(yILyI‘H t) = Uk(}’/a)/m t))

A2k—n+1)—1—2k
Pi(y', Y. t) = gg(t)In yn + ya G 21y, 1),
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The time-periodic Stokes problem

000000000000 e0

Formal asymptotic decomposition

p— p+2(A-1)

J
U’[J](y’,yn, t) _ kzoy” A(n—2—2k)—2k 1%2()//’ t),

Uy ymi ) = z (n1=20"2k gy (V) 1),

J

P[J](y/7yn7t): Z ( A(n+1-2k)+1— 2k(1
o

4 yn—/\(n—1—2k)—1—2k£2k(y,, t)) 7

Uni(y', 1) = g()(=A(n+ 1= 2k) + 1= 2k) (') + % (v, 1),

here 65 is Kronecker's delta.
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The time-periodic Stokes problem

000000000000 e0

Formal asymptotic decomposition

p— p+2(A-1)

J
U’[J](y’,yn, t) _ kzoy” A(n—2—2k)—2k 1%2()//’ t),

Uy ymi ) = z (n1=20"2k gy (V) 1),

J

P[J](y/7yn7t): Z ( A(n4+1—2k)+1— 2k(1
=0

5},:( A(n+1-2k) =142k Yo —1))

4 yn—/\(n—1—2k)—1—2k£2k(y,, t)) 7

Uni(y's 1) = 8()(=A(n+ 1= 2k) + 1 = 2k)p(y') + %, (v, 1),

here 65 is Kronecker's delta.
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The time-periodic Stokes problem
000000000000 e0

Formal asymptotic decomposition

Uiy, 1)

v ,;‘:k:yn,k—la ylew
%nﬂ:kbw =0.
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The time-periodic Stokes problem
0000000000000 e

Formal asymptotic decomposition

One can see that, in particular,

1 N
J*zmin{JeN:J>4[(n+2)/+2n+5}}

N+1
corresponds to the case A\ = % N=1,2, .., and

J=J+J,

N+ 1
to \ # % N =1,2, ..., where

j:min{JEN:J>1[nz+n+3}},

4 12-1
~ . 1{n+2
J—mln{JEN.J>4[H+n+3}}.
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The time-periodic Stokes problem
@0000

Existence of the solution

If we want to construct the asymptotic expansion up to the order J
we have to assume that the flux F(t) satisfies the following

regularity conditions
F e W/tb2(0,2n).

Since the flux F(t) is the integral of the normal component of the
boundary value a(x, t) over 9, we have to assume the following
regularity conditions:

d'a

577 € L2(0,2m; WY22(6Q)), 1=0,1,2,....,J + 1.
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The time-periodic Stokes problem
(o] Jelele]

Existence of the solution

Let us consider the problem (9), (10) in the domain .

Let £ € C*°[0, 00) be some nonnegative function

1, xp < H/2,
0, x,>H.
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The time-periodic Stokes problem
(e]e] Tele]

Existence of the solution

Then we can look for the solution (u, p) to problem (9), (10) in
the form

/
u(x’, xp, t) = &(x )U[J*] < —» Xns ) + V(X' xn, t) + U(X, xp, t),

n

/
p(X/7Xn7 t) — 5( )P[J*] < )\7Xn7 ) + P(X/7Xn7 t)a

where (U], P71 is the asymptotical decomposition.
We define V(x', x,, t) = 0 for x, < H/2, while for x, > H/2 the
function V is the solution of the problem

divv = —¢'UY x € Quions
V|89H/2,H =a,

where Q45 1y = {x € R": IX'| < @(xn), xn € (H/2, H)} Q.
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The time-periodic Stokes problem
(e]e] Tele]

Existence of the solution

We define V(x', x,, t) = 0 for x, < H/2, while for x, > H/2 the
function V is the solution of the problem

divv = —¢'UF x € Quion
V|BQH/2,H =a,

where QH/2,H = {X € R": ‘X/’ < SO(Xn)y Xn € (H/2, H)}UQO‘
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The time-periodic Stokes problem
(e]e] Tele]

Existence of the solution
We define V(x', x,, t) = 0 for x, < H/2, while for x, > H/2 the
function V is the solution of the problem
divv = —¢' U1, x € Qujom,
Vo, = a;
where Q45 1y = {x € R": IX'| < @(xn), xn € (H/2, H)} U Qo.
Solvability condition

e [ e

Qryam Q2,1
is satisfied, since
H H
| e ayan—— [¢ [ ayan—r) [ edr=-F
Qu/om Hi2 o H/2
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The time-periodic Stokes problem
00000

Existence of the solution

u(x’, x,, t) = §(X,,)U[J*](x’/x,f,x,,7 t) + V(X' xp, t) + U(x Xp, t),
P, Xn, ) = E(xn) PY (X /x2, Xns t) + P(X, X, £).
(11)

And (0, /F\’) is the solution to the problem

U;—vAU+ VP = f+¢Hy — V, + VAV + p(2V¢ - VU
+AcUy —ve. PV x e Q,

divU =0,

Ulon = 0, U(x,0) = U(x, 2n),

\
satisfying zero flux condition; where J* € N is a certain number
which ensures that H - belongs to L2(Q).
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Theorem 2
Let f € L2(0,27; L2(Q)), @, a; € L2(0, 2m; W/22(9Qy 5 1)) be
given time-periodic functions, suppa € 920 N IQ C Iy 1y M O

and there hold the regularity conditions . Then the problem (9)
admits at least one time-periodic weak solution u € L%(0, 27;
W2 (Q) N W2(Qp 0 1)), ue € L2(0,2; L2 () N L2(Qpo. 1))

loc
which can be represented as the sum (11) and there holds

sup [lu(-, 1) — €U I, D) iy

te[0,27]
* __ J 71
+[u—¢uV 1]HL2 0.2mwi2(Q)) T lue = U[ ]HLZ(O 2m;12(Q))
< C(Hf” 2(0,2m:L2(Q)) T ||aHL2(O 2m;W/2:2(0Qy /5 1))
J +1

H otk HL2 0,2m; W/2:2(8Qy /5, H)))
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The nonsteady Stokes problem
9000000000000 0

We consider the initial boundary value problem for the Stokes

system in domains 2

us—vAu+Vp = f, x € €,
divu = 0, x € Q,
(12)

u|39 = a, x € 09,
u(x,0) = b(x), xeQ.

We assume that suppa C 9Q¢ N IN and that the flux of a is

nonzero, i.e.,

/a-nds——F(t). (13)

o
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The nonsteady Stokes problem
9000000000000 0

We consider the initial boundary value problem for the Stokes
system in domains 2
u—vAu+Vp = f, x € Q,
divu = 0, x € €,
(12)
U‘aQ = a, x € 09,
u(x,0) = b(x), xeQ.
And we look for a solution u of problem (12) satisfying the flux
condition, so that the following necessary condition

/u'nds—i—/a-ndx:o

o(h) Q

holds for any h € (0, H].
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The nonsteady Stokes problem
0®000000000000

Further, we suppose that the initial velocity b is represented as a

sum

b(x) = ¢(xn)using(x) + uo(x),
where ( is a smooth cut-off function with ((t) =1 for t < H/2
and ((t) =0 for t > H,

—A(n=2)—1 _ —A(n—1 _
Using (X) = (xn (n—2) oL (), X (n )un’s(X/Xn A)>’

and ug € W2(Q), ul, ups € W2(w),
w={y € R™1:|y'| <}, ¥ = x'x;*. Moreover, the initial
velocity b and the boundary value a have to satisfy the necessary

compatibility conditions

divb(x) =0, b(x)|ag = uo(x)|sq = a(x,0). (13)
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The nonsteady Stokes problem
00@00000000000

The singular part ugj,, of the initial condition b is assumed to be
solenoidal and it is "responsible” for the flux in the cusp point O

at the time moment t = 0:
div ugjng = 0, / Using -Nds = F(0) Vhe (0,H/2). (14)
o(h)
In coordinates y this flux condition takes the form

/ ns(y) dy = F(0).

w

Note that the conditions (13) and (14) imply divug = 0 in Q5.
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The nonsteady Stokes problem

00080000000000000

Definition 3

By a weak solution of the problem (12) we understand a solenoidal
vector field u € L2(0, T; W12(Q\ Q4)) with

us € L2(0, T; L2(2\ Q4)), Vh € (0, H), satisfying the boundary
condition u|gg = a, the initial condition u(x,0) = ug(x) + us(x)

and the integral identity

T T
J Jur(x,7) - m(x,7)dxdT + v [ [ Vu(x,7) - Vn(x, ) dxdT
0Q 0Q

I
o 4

[ f(x,7) - n(x, ) dxd,
Q

for every solenoidal i € L2 (0, T; C$°(Q)).
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The nonsteady Stokes problem
0000@000000000

The formal asymptotic expansion near the point O in the case
A = MEL has the form

/ /
U[J]< — s %n, t, 7') UO[J]< s Xn, >+UB[]< )\,Xn,T>,
pul( xn,”)—pom (XAX t) pBM( X T )

The pair (U9, PO:1Y is an approximate solution of the steady
Stokes problems ("outer” part of the asymptotic expansion); here
the "slow” time variable t plays the role of a parameter and the
initial condition is not satisfied in general case. The pair

(UBW1 pB.l]Y is the boundary layer corrector (the inner part of
the asymptotic expansion) which compensate the discrepancy in

the initial condition and exponentially vanishes as 7 — oco. Note

that the fast time variable 7 = in our case depends on xp.
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The nonsteady Stokes problem
0000080000000

The approximate solution (U9l PO} is constructed in the
same way as for the time-periodic problem: Consider the problem
(12) with homogeneous boundary conditions in the domain Qy
(remind that u|pg,,noq = 0). We rewrite the problem (12) in
coordinates y' = X'x; 2, yp = Xp, t =t

/

u, — vy, A+ D)W +y, V'p = 0, yer,
Ut — v(y, A +D%)u, +Dp = 0, yel,
y M VY +Du, = 0, yel,
u = 0, yeodl,
u(y’,y»,0) = 0, yen,

where M= {y e R": |y/| <, yn € (0,H)}, A" =V"- V',

_ -1,/ o _ 0 _
D= 8,, —)\y,, y -V, u = (ul,...,u,,,l), ak = By’ k= 1,...,[‘1,
V' =(01,..:,0p—1), divV'u' = V' - .
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The nonsteady Stokes problem
000000@0000000

The approximate solution (UOM, POM) is constructed in the

same way as for time-periodic problem:

UOoH(y, 1) =y "y (1) + z 222k g (1),

UPM . 0) = ELL 0y 4 8 i 0 ),
F(t) 1-X(n+1 —A(n-1)-1
ol _ ( +1) ( ) !t
J
+kE [yn—,\(n+1—2k)+1—2k (6 + nx\(n 1-2k)— 1_2ka(yl, t)],
=1
where J € N.
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The nonsteady Stokes problem
0000000 e000000

In general, the vector function (Ug, Uno) does not satisfy the
initial condition. Therefore, we have to construct a boundary layer
near the point t = 0 (on this step we satisfy only the singular part

of the initial condition). Rewriting (12) in Q4 in new coordinates

Y = XXy = X, T = t/x3,
we get
(Yo 2y —v(y, A+ D +y, AV = 0, yen,
Vo P —v(yy A+ D)up +Dpp = 0, yen,
y M iV + Dpu, = 0, y e,
u = 0, y € OIl,
u(y,0) =us(y) — Uo(y,0), yem,

where D, = 0, — Ay, 1y - V' — 2y, 1710,
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The nonsteady Stokes problem
00000000 @00000

We look for the solution (U5, P§) in the form

Uy, yn 7) = (Uéb(y’,yn,T), Uﬁ’,o(y’,ynﬁ)) ,

1-X(n
PE(Y', Yy T) = yn ( +1)gé’(7) + Q(Y', ¥n 7).
where
—A(n—2)—1
U6b(y/7yn77-) :yn (’7 ) %61)()//77-)7
—A(n—1)-1
QbW ym 7) = ya DT 28(y 1),
n— 1
Ubo(y, yne7) = v X" DUy (' 1),
with

%nlfO(ylvT) = (1 - )‘(n + 1)) (Dg(y,77—)‘
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The nonsteady Stokes problem
000000000 e0000

Substituting (U5, PE) into equations and selecting the leading as
¥n — 0 terms, we get

Uy, —vNUY+V' 28 =0, y €w,
dv P = My, 7, V', 57-)?/,,?0()/, 7), ¥ €w,
wy =o, y' € 0w,
2 .0) = ud(y) Y cw,
where Ay(y',7,V',0;) =n—1+y - V' +270,. Solvability
condition

/Ab(y',T, V’,@T)@/ntjo(y/,T) dy' =0

is satisfied automatically, since it is equivalent to
(1= A\(n+1))270, / S8y, 7) dy’ = 0.
w
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The nonsteady Stokes problem
0000000000000

and
0-P8(y', 7) —vA'®E(y 7)) = sb(r), Yy €uw,
®8(y',7) = O, y' € dw,
gy, 0) = upoly), ¥ Ew,
Jes0 r)dy" = o,

where u,lio(y ) = uns(y'") — %no(y',0) and

b T
() = ~g(7) ~ 25y,

By construction there holds the following compatibility condition

/ 8y, 0)dy’ = / uEo(y') dy’ = 0.

w w
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The nonsteady Stokes problem
0000000000000

and
0-P8(y', 7) —vA'®E(y 7)) = sb(r), Yy €uw,
®8(y',7) = O, y' € dw,
gy, 0) = upoly), ¥ Ew,
Jes0 r)dy" = o,

where u,lio(y ) = uns(y'") — %no(y',0) and

b T
) = ~g7) ~ 25y,

By construction there holds the following compatibility condition

/ 8y, 0)dy’ = / uEo(y') dy’ = 0.

w w
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The nonsteady Stokes problem
0000000000000

b T
(1) = —&(7) ~ 25 +A1) - 1ng3£ !

The function gé’ is the solution to the given ODE and has the form

.
11
g () = —Mo/Sé’(t)tM°‘1dt+C M, Mo:";r 55> L

0

and we set the constant C = 0 in order to have finite boundary
layer pressure Pé’ at point 7 = 0. Moreover, there hold the

following properties

lim gé’(v') = —sé’(O), lim gé’(v') =0.

7—0 T—00
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The nonsteady Stokes problem
000000000000 eO

Functions Ug, Qq, Ug, Q(’)’ leave in the equations the discrepancies
Ho (v yns £, 7), Hno(y's yns t,7):
Ho (Y, yni t,7) = vD?Ug(y, t) — Ug (v t) + vOFUR (v, 7)
= FS0/ yn t) +FR(  yn, 1),
Hno(ys Yn t,7) = vD?Uno(y, t) — Unoe(y, t)
9 (yn_/\(n_z)_lo@o(y’, t))
+VDRUL (Y Yoy T) — Db 28(Ys Yns T)

- r?,O(y/vymt)'i_ F,ﬁo(y,J/mT)-
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The nonsteady Stokes problem
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oy N1
Case: \ = N

B _ LAk (1) 0
U (}/7Yn77') I;OYn % (y T)

Un (y,}’nﬂ') Z % (y 77—)7

J

PB,[J](y/’ymT): ,;( ( )i —A(n—1)—142(k—1)(A-1)

Iy /\(n 1)—1+2k(A— 1)Qb( ))

LY 7) = (“M(n+1-2K) +1=2k) (O, 7) + %4y 7))
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The nonsteady Stokes problem
0000000000000

oy N1
Case: \ = N

B _ LAk (A-1) 00
U (}/7Yn77') I;OYn % (y 7—)

Un (y,}’nﬂ') Z % (y 77—)7

J

PB,[J](y/’ymT): ,;( ( )i —A(n—1)—142(k—1)(A-1)

Iy /\(n 1)—1+2k(A— 1)31,( ))

LY 7) = (“M(n+1-2K) +1=2k) (O, 7) + %4y 7))
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The nonsteady Stokes problem
0000000000000

The functions %', 22, k = 1,2, ..., are solutions to the problems

%Z’J — VA YL+ NV 2 =Fb Y ew,
dvV' %Y = [Ny, 7, V', 0;) — 2k(A — 1)] %L,
UPlow =0, %P, 0)=-%(y0),
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The nonsteady Stokes problem
0000000000000

oy N1
Case: \ = N

B _ LAk (1) 0
U (}/7Yn77') I;OYn % (y T)

Un (y,}’nﬂ') Z % (y 77—)7

J

PB,[J](y/’ymT): ,;( ( )i —A(n—1)—142(k—1)(A-1)

Iy /\(n 1)—1+2k(A— 1)Qb( ))

LAY, 7) = (~M(n+1-2K) +1-2k) (O4(y', 7) + ):
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The nonsteady Stokes problem
0000000000000

The functions satisfy the equations

O Uy — VAU = (—Nn+1-2k)+1-2k)" 70, |, Yy €w,
%nfk’aw = 05 n?k(.y/a 0) = 07
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The nonsteady Stokes problem
0000000000000

oy N1
Case: \ = N

B _ LAk (1) 0
U (}/7Yn77') I;OYn % (y T)

Un (y,}’nﬂ') Z % (y 77—)7

J

PB,[J](y/’ymT): ,;( ( )i —A(n—1)—142(k—1)(A-1)

Iy /\(n 1)—1+2k(A— 1)Qb( ))

LY 1) = (“X(n+1-2K) +1=2k) (920 7) + %%y 7))
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The nonsteady Stokes problem
0000000000000

The functions (Cbk, sk) k=1,2, ..., are solutions to the inverse

problems
8T<D’,2(y’,7') — VA’CDZ()/,T) = sf(r), y' € w,

¢£(y,aT)|8w = 07 ¢£(y,,0) = - n,k(.y,ao)v
J Ok mydy' = = [ Uy 7)Y
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The nonsteady Stokes problem
0000000000000

oy N1
Case: \ = N

B _ LAk (1) 0
U (}/7Yn77') I;OYn % (y T)

Un (y,}’nﬂ') Z % (y 77—)7

J

PB,[J](y/’ymT): ,;( g2 (T)ym —A(n—1)—142(k—1)(A-1)

Iy /\(n 1)—1+2k(A— 1)Qb( ))

LY 7) = (“M(n+1-2K) +1=2k) (O, 7) + %4y 7))
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The nonsteady Stokes problem
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Finally, the functions g/(7) are solutions to the following ODE

dgp(r
st(7) = ~gb(r) — 207 L),
A .
where ¢, = and we find

An—1)+1-2(k-1)(A—1)

T

gh(r) = —I\/Ik/sf(t)th_l dt | 7™Mk, if My >0,
0
o0

gh(r) = —Mk/sf(t)t”’k—l dt | 7=M if My <0,

where
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The nonsteady Stokes problem
[ ele}

Existence of the solution

Examining the right-hand sides of these problems we state the loss
of one time derivative on each step of the outer asymptotic
formula construction. Therefore, in order to ensure the existence of
all terms of asymptotic expansion up to the order J we have to
assume that the flux F(t) is from the space W7/12(0, T). Since
the flux F(t) is the integral of the normal component of the
boundary value a(x, t) over 0L, the last requirement imply, the

following regularity conditions for a:

/
g:; € L*(0, T; WH?2(9Q)), 1=0,1,2,...J+1.

The boundary layer construction does not cause any loss of
regularity, and it is enough to suppose that ug € W2(Q),
ul, U s € W'2(w). Note that the above regularity conditions

remain the same as in the case of the time-periodic Stokes
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The nonsteady Stokes problem
(o] lo}

Existence of the solution

We look for the solution (u, p) to problem (12), (13) in the
domain €2 in the form
u(x’, xn, t) = £0x) UV (x, £) + U(X, xn, 1), (15)
N 15
p(X'; Xn, t) = g(Xn)P[J*_l] (x, t) + P(X', xn, ),

where £ € C*[0, 00) is nonnegative function

1, xa < H/2,
§(xn) = /
0, x,>H.

the pair (UY"~H, PIU"=1) is the asymptotical decomposition and

(U, P) is a solution to the problem...

Vilnius Gediminas Technical University
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The nonsteady Stokes problem
(o] lo}

Existence of the solution

and (G, f’) is a solution to the problem

Ue(x, t) — vAU(x, t) + VP(x, t) = f*(x, 1), x€Q,
divU(x, t) = =& () UY "(x, 1),

o~

U(x, t)|oa = a(x), U(x,0) = ug(x),

with £ = f + EH 1 + v(2VE - VU 1 AcuOl -1y —
ngO,[J*fl] + I/(2V€ i qu,[J*fl] + AguB,[J*fl]) _ ngB,[J*fl]_
Solvability condition

/ Uy M ax + / a-ndx=0
Q2,1 Q2.1

is satisfied.
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nsteady Stokes problem
ooe

Existence of the solu

Let functions f € L!(O7 T; L!(Q)) up € Wl’!(Q),uS € Wl!(w)

a, — € L0, T; W1/2’2(8QH/2,H)), k=1,...,J"+ 1, be given
and satisfy the compatibility conditions, suppa € 0Qy N 0N C

O /2,4 N 0. Then the problem (12) admits at least one weak
solution u € L2(0, T; WL2(Q\ Qp)), ur € L2(0, T; L2(Q2\ Q1))
Vh € (0, H), which can be represented as the sum (15). Moreover,

the following estimate holds

sup_{lu(-,t) = €U UC )10

te[o T] [J* 1]
Hlu— UV 13, 0 rwraay Fllue = €U 10 1200
< C(HfﬂLz o,z T 1all%2q 7. W1/22(0Q /2 1))

Jr41
2
+ > H Otk HL2(0 T;W/22(8Qy 5 1)) + H“0HW12 @ T Hus”W”(w))'
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