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Formulation of the problem

Solute flux from the bulk to the liquid phase:

∂CB(t)

∂t
= −kmA

(

CB(t) − CL(t, rp)
∣

∣

rp=Rp

)

, (1)

here km is the external mass transfer coefficient, A = mS
V , m is the

mass of adsorbent, S is the external surface area per mass of
adsorbent, V is the volume of solution, Rp is the particle radius.

1V. Russo, R. Tesser, M. Trifuoggi, M. Giugni and M. Di Serio. A dynamic

intraparticle model for fluid-solid adsorption kinetics. Computers & Chemical

Engineering. 74:66-74, 2015
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Formulation of the problem

Mass balance for the liquid and solid in the particle:

ε
∂CL(t, r)

∂t
+ (1 − ε)

∂CS(t, r)

∂t
(2)

=
1

r2

∂

∂r

(

εDP r2 ∂CL(t, r)

∂r
+ (1 − ε)DSr2 CS(t, r)

CL(t, r)

∂CL(t, r)

∂r

)

,

where ε is the particle porosity, r is the particle radial direction,
DP is the pore diffusivity and DS is the surface diffusivity.
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Formulation of the problem

Langmuir isotherm:

CS(t, rp) = CS,∗b
CL(t, rp)

1 + bCL(t, rp)
, (3)

where b is a Langmuir adsorption constant and CS,∗ is the
saturation solute solid concentration.
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Formulation of the problem

Mass balance for the liquid and solid in the particle (2) (through
the liquid phase concentration)

(

ε + (1 − ε)
∂CS

∂CL

)∂CL(t, r)

∂t
(4)

=
1

r2

∂

∂r

(

r2
(

εDP + (1 − ε)DS
CS,∗b

1 + bCL(t, r)

)∂CL(t, r)

∂r

)

.
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Formulation of the problem

Initial and boundary conditions:

CB(0) = C0
B , CL(0, r) = C0

L, 0 ≤ r ≤ Rp, (5)

r2 ∂CL(t, r)

∂r

∣

∣

∣

r=0
= 0, r2 ∂CS(t, r)

∂r

∣

∣

∣

r=0
= 0, (6)

(

εDP + (1 − ε)DS
CS(t, r)

CL(t, r)

)∂CL(t, r)

∂r

∣

∣

∣

r=Rp

(7)

= km
(

CB(t) − CL(t, r)
∣

∣

r=Rp

)

,

where km is the mass transfer coefficient.
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Formulation of the problem

In the case of the Langmuir isotherm (3) this boundary condition is
defined as:

(

εDP + (1 − ε)DS
CS,∗b

1 + bCL(t, r)

)∂CL(t, r)

∂r

∣

∣

∣

r=Rp

(8)

= km
(

CB(t) − CL(t, rp)
∣

∣

r=Rp

)

.



Nuo matematikos dėstymo iki adsorbcijos modelio analizės

Approximation of the model

Discretization in space

We divide the spatial domain in finite volume cells with centers

rj = (j − 1/2)h, j = 1, ..., J − 1

and the step size

h =
Rp

J − 1/2
.

The numerical approximation for spatial derivative:

∂CL(t, rp)

∂rp
≈

CL,j+1 − CL,j

h
.
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Approximation of the model

The approximation for the mass balance in the particle for
j = 1, ..., J − 1:

r3
j+1/2

− r3
j−1/2

3

(

ε + (1 − ε)
bCS,∗

(1 + bCL,j)2

)

∂CL,j(t)

∂t
(9)

= r2
j+1/2

(

εDP + (1 − ε)DS
bCS,∗

1 + 0.5b(CL,j+1 + CL,j)

)

CL,j+1 − CL,j

h

− r2
j−1/2

(

εDP + (1 − ε)DS
bCS,∗

1 + 0.5b(CL,j + CL,j−1)

)

CL,j − CL,j−1

h
.
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Approximation of the model

The approximation for the boundary condition (8):

h

2
r2

J

(

ε + (1 − ε)
bCS,∗

(1 + bCL,J)2

)

∂CL,J(t)

∂t
= − r2

J−1/2

×

(

εDp + (1 − ε)DS
bCS,∗

1 + 0.5b(CL,J + CL,J−1)

)CL,J − CL,J−1

h

(10)

+ r2
Jkm(CB(t) − CL,J).
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Approximation of the model

Discrete equation for the bulk concentration CB:

∂CB(t)

∂t
= −kmA(CB(t) − CL,J(t)) (11)
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The linearized and normalized mathematical model

Dimensionless variables

r = Rpr̄, t =
cR2

p

D
t̄, 0 < r̄ < 1, 0 < t̄ < T̄ =

T D

cR2
p

, (12)

c = ε + (1 − ε)f ′(CL).

The equilibrium isotherm

CS(t̄, r̄) = f(CL(t̄, r̄))
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The linearized and normalized mathematical model

The combined diffusion coefficient is

D = εDp + (1 − ε)Ds
f(CL)

CL
.

Mass transport parameters α and β are

α =
AkmcR2

p

D
, β =

kmRp

D
. (13)
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The linearized and normalized mathematical model

The simplified adsorption kinetics model

∂CB(t̄)

∂t̄
= −α(CB(t̄) − CL(t̄, 1)), 0 < t < T̄ , (14)

∂CL(t̄, r̄)

∂t̄
=

1

r̄2

∂

∂r̄

(

r̄2 ∂CL(t̄, r̄)

∂r̄

)

, 0 < r̄ < 1, (15)

Initial and boundary conditions

r̄2 ∂CL(t̄, r̄)

∂r̄

∣

∣

∣

r̄=0
= 0,

∂CL(t̄, r̄)

∂r̄

∣

∣

∣

r̄=1
= β(CB(t̄) − CL(t̄, 1)),

(16)

CB(0) = C0
B, CL(0, r̄) = C0

L, 0 6 r̄ 6 1. (17)
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The results of numerical calculations

Concentrations for the data reported in the article by V. Russo,
R. Tesser, M. Trifuoggi, M. Giugni and M. Di Serio. 2015
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The results of numerical calculations

Concentrations for the data reported in the article by P. R. Souza,
G. L. Dotto and N. P. G. Salau. 2017
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The results of numerical calculations

Dynamics of the concentrations obtained from the simplified model
for the data reported by V. Russo et al. (2015)
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The results of numerical calculations

Dynamics of the concentrations obtained from the simplified model
for the data reported by P. R. Souza et al. (2017)
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The results of numerical calculations

Dynamics of the concentrations obtained from the simplified model
(α = 41.4, β = 0.4) for the data reported by P. R. Souza et al.
(2017)
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The results of numerical calculations

Dynamics of the concentrations obtained from the simplified model
(α = 4.14, β = 4) for the data reported by P. R. Souza et al.
(2017)
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The results of numerical calculations

Dynamics of the concentrations obtained from the simplified model
(α/β ≈ 10) for the data reported by P. R. Souza et al. (2017)
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The results of numerical calculations

Dynamics of the concentrations obtained from the simplified model
(α/β ≈ 0.1) for the data reported by P. R. Souza et al. (2017)
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The results of numerical calculations

Dynamics of the concentrations obtained from the simplified model
(with Langmuir isotherm) for the data reported by P. R. Souza et
al. (2017)
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Conclusions

1 The sensitivity of the solution with respect of main physical
system parameters is analyzed using the simplified model.

2 The results obtained with the linearized and normalized
mathematical model are compared with the simulations done
for a full nonlinear mathematical model.

3 The results of the numerical experiments show that we can
predict the main trend of the adsorption process using the
proposed simplified linear model.
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